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Fig. 4 For grids of different size, the computed streamwise ve-
locity profiles across a relatively isolated vortex core are compared
with the experimental result.7

size. When only one point vortex is distributed over the ele-
ments by the distribution scheme as shown in Fig. Ib, the
numerical diffusion (error) will be introduced. But for a cluster
of point vortices occupying a finite area, this error can be
minimized if the grid size is small enough so that the resulting
vortical patches, overlapping each other, occupy about the
same region as the cluster does. In Fig. 4, the velocity profiles
across a relatively isolated vortex core generated by a pitching
airfoil are compared. A cluster of point vortices is generated
by using the vortex panel method,6 and, across it, the calcu-
lated velocity profile agrees well with the experimental result
of Straus et al.7 By the distribution scheme, the point vortices
in the cluster are then distributed on the uniform grids of dif-
ferent size (Ax = Ay = h and h = 0.1, 0.05, 0.01, and 0.005).
For a finer grid size (h ̂  0.01), the velocity profiles obtained
by the distribution scheme agree well with the experimental
result7 as shown in Fig. 4. In the numerical example presented
in this section, the passing vortex is turned into a vortical patch
by the distribution scheme in the vicinity of the stationary
airfoil, where the grid size is less than 0.01, to ensure the
accurate and smooth transition.

Summary
In this work, the distribution scheme is used to model the

passing vortex as a continuous, viscous vortical patch, and the
total flow including the passing vortex is governed by the
Navier-Stokes equations. When the distribution scheme is ap-
plied to a cluster of point vortices on a fine-enough grid, the
introduced numerical error can be minimized. The numerical
results show that the effect of viscous diffusion of the passing
vortex only manifests its importance on the blade-vortex in-
teraction near the stationary airfoil.
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Nomenclature
OXYZ = Earth-fixed coordinate system
oxyz = body axes coordinate system
/?, q, r = body axes components of angular velocity

vector
Pm Pz - tangent planes to S at N and Z, respectively
5, N, Z = fictitious sphere having its center at the

aircraft's e.g., and its nadir and zenith poles
50(3) = set of all three-dimensional attitudes; set of all

three-dimensional rotations about a fixed point
8 = ty- <f>
Aw, fjin, a = nadir coordinates
Az, jjizt 8 = zenith coordinates
cr = \l/ + <f>
i/f, 6, <f) = Euler angles of rotation from Earth-fixed to

body axes coordinate system

Introduction

IN the mathematics of flight simulation two methods are
commonly used to represent the aircraft attitude, the one

based on Euler angles, the other based on Euler parameters
and the accompanying quaternion calculus.

Euler angles have an immediate intuitive appeal and are per-
fectly adequate for simulations in which one stays well clear
of vertical attitudes. The singularities occurring in vertical air-
craft attitudes constitute a major drawback of Euler angles,
which makes them unsuitable for military flight simulation and
for the analysis of flight incidents and accidents in which loss
of control is a major factor.

Existing software for civil flight simulation employs Euler
angles. An upgrade of this software to cover out-of-control
situations and other situations with arbitrarily steep pitches
may be done by replacing Euler angles with Euler parameters,
but doing so requires a virtually system-wide reconstruction of
the software.

This Note presents a mathematical method of eliminating in
turn the singularity at vertical nose-down attitudes and the sin-
gularity at vertical nose-up attitudes (simply denoted as nose-
down and nose-up, respectively). This method involves the
introduction of a pair of new coordinate systems for aircraft
attitudes, both of them based directly on Euler angles. The one
system has a singularity only at nose-up attitudes; in this Note
it is denoted as the nadir system; the other only at nose-down
attitudes; this is called the zenith system. For the entire method
the term extended Euler angles system is proposed.

One may employ a combination of the traditional Euler an-
gles system and the nadir and zenith coordinate systems; with
an appropriate switching scheme one avoids all singularities.
Flight simulation software systems thus constructed would be
more complex than systems based on Euler parameters, but it
is expected that the introduction of the extended Euler angles
system is far easier, both from a mathematical and a software
engineering viewpoint, than a conversion to Euler parameters.
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Cartesian Coordinate Systems
Two Cartesian coordinate systems are used, defined next in

accordance with the conventions of aerospace mathematics.
The Earth-fixed coordinate system (ECS) has its +X axis

pointing to the North, its + Y axis to the East and, as a con-
sequence of the right-handedness convention, its +Z axis
pointing vertically downward. Its origin is taken at any con-
venient reference point.

The body axes coordinate system (BCS) has its +x axis
pointing forward, its +y axis to starboard, and its +z axis
pointing from the aircraft's ceiling to the floor. Its origin is
taken at the aircraft's e.g.

The attitude or orientation of an aircraft is represented by
the rotational displacement needed to move the aircraft from
the standard attitude to the actual attitude. By definition, the
aircraft has the standard attitude if its forward roll axis points
to the North, and its starboard axis points to the East, i.e., if
no rotation is needed when moving from the ECS to the BCS.
In this way an identification of the set of all three-dimensional
attitudes with the set of all three-dimensional rotations about
a fixed point [SO(3)] is obtained.

Coordinate Transformations and Euler Angles
Aircraft attitudes are conventionally represented by a triple

of Euler angles as follows: the rotation R producing a specified
attitude starting from the standard attitude is decomposed into
a rotation RZtlft from North to actual heading about the down-
ward vertical axis (i.e., the +Z axis) through i/f, followed by
a rotation Ry>6 about the aircraft's starboard traverse axis (the
+y axis) through 6, which is at last followed by a rotation RXt<i>
about the aircraft's forward roll axis (the +x axis) through <£.
According to the terminology of Ref. 1, ijj is the aircraft's
heading, 6 is its attitude, and </> is its bank; in this Note the
term pitch angle is preferred to attitude because of the more
general meaning of the word attitude.

The general rotation R is represented by

rolling from level to bank). An analogous observation applies
to nose-up attitudes.

Straightforward algebraic proof is furnished by the substi-
tution of 6 by ±77/2 in Eq. (1). The conclusion is that a is
indeterminate only for 6 = 77/2, and 8 only for 6 = — 77/2.

Equations of Motion of a Rigid Aircraft
Equations of motion of a single rigid body are mostly solved

numerically as an initial-value problem by some method of
stepwise integration with respect to time. The two main steps
in each integration cycle are 1) the calculation of the next
values of the linear and angular velocities from their previous
values and the force and moment components (and the mass
and the moments and products of inertia, of course) and 2) the
calculation of the next values of the position and attitude co-
ordinates from their previous values and the linear and angular
velocity components.

Dynamics
Step 1: the integration of accelerations into velocities, es-

sentially reflects the entire dynamics of the motion problem.
It is based on Newton's equations of translational motion of
the e.g. and Euler's equations of rotational motion of a rigid
body about its e.g. No need to list them here; the reader is
referred to the existing literature.

The integration of accelerations into velocities does not in-
volve singularities beyond those that may be present in the
force and moment components.

Kinematics
Step 2: consisting of the integration of linear velocities into

position coordinates and of angular velocities into attitude co-
ordinates, is on the other hand a purely kinematical operation.

cos i// cos 0 —sin if/ cos <f> + cos \fj sin 0 sin <£
sin if/ cos 6 cos if/ cos </> + sin if/ sin 6 sin <t>

-sin 6 cos 0 sin <j>

sin i/f sin </> + cos ^ sin 9 cos <f>
—cos t/> sin <£ + sin iff sin 6 cos <f)

cos 9 cos </>_
(1)

This formula will be needed on several occasions. For its der-
ivation the reader is referred to the existing literature.1'3

Euler Angle Singularities and Vertical Attitudes
Very well known are the singularities, because for 9 = ± 77/

2, the undirected roll axis is vertical and therefore coincides
with the undirected yaw axis in its initial position. This situ-
ation somewhat resembles the gimbal lock phenomenon of a
gyroscope when the gimbals are in such an orientation that the
precession and spin axes coincide. While the gimbal lock is a
mechanical phenomenon, the Euler angle singularities are of a
purely mathematical nature and have nothing to do with flight
mechanics per se. Less well known seems the fact that whereas
both </f and <£ are indeterminate for nose-down as well as for
nose-up attitudes, the sum a = if/ + </> remains well determined
for nose-down attitudes, and furthermore, completely deter-
mines the attitude in that case. Analogously, the difference
8 = ty — <f> remains well determined for nose-up attitudes and
completely determines the attitude in that case.

Consider, for instance, nose-down attitudes. The attitude
(ijj = 0, 9 = — 77/2, <f> = 0) may be considered in this paragraph
as a reference nose-down attitude. Consider next an arbitrary
nose-down attitude (</f, — 77/2, <£). It may be obtained from the
reference nose-down attitude by a rotation through i/f + <t>
about the positive vertical axis. Now forget the specific values
of </f and <£. Because the positive roll axis coincides with the
positive vertical axis, one can no longer tell what part of the
total rotation was because of the initial yaw (i.e., turning from
North to actual heading) and what part to the final roll (i.e.,

Translational Kinematics
The position is obtained by integration of the equations that

express the ECS components of the linear velocity in terms of
the BCS components. The reader is again referred to the ex-
isting literature.
Rotational Kinematics

Obtaining the attitude coordinates from the angular velocity
components is more difficult because one cannot parametrize
the entire SO(3) with three coordinates without incurring sin-
gularities. Essentially this is because of topological properties
of SO(3) following from its curved nature.

The angular velocity components expressed in terms of Eu-
ler rates are

p = — if/ sin 9 + <j>

q = (// cos 9 sin </> + 9 cos <f> (2)

r = i/r cos 9 cos <f> — 9 sin </>

the Euler rates expressed in terms of angular velocity are

ip = (q sin <f> + r cos </>)sec 9 (3)

9 = q cos </> — r sin <f> (4)

£ = p + (q sin <j) 4- r cos <£)tan 9 (5)
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The change rates of <r and 8 in terms of p, q, r are

a = p + (q sin <j> + r cos <£)tan(0/2 + 7T/4) (6)

& = -p + (q sin <£ + r cos <£)cot(0/2 + 7T/4) (7)

The last two expressions are obtained by addition and sub-
traction of Eqs. (3) and (5), using the identities

sec 6 ± tan 6 = (1 ± sin 0)/cos 9

= tan(7r/4 ± 0/2) s cot(7r/4 + 0/2)

Coordinate Systems for Near-Vertical Attitudes
In this section the previously mentioned nadir and zenith

coordinate systems are introduced. They are best understood
by building a geometrical representation of the aircraft's at-
titude.

Geometrical Representation
Imagine the aircraft at the center of a sphere 5 of unit di-

ameter flying together with the aircraft (Fig. 1). The aircraft's
forward roll axis intersects S in some point A. The heading if/
and pitch angle 0 of the aircraft are the longitude and latitude
coordinates of A on 5. Instead of $ and 0 to represent the
direction of the forward roll axis, the point A itself may be
taken.

To account for the rolling displacement, the point A is pro-
vided with a vector u of arbitrary fixed length / representing
the direction of the starboard wing (in Fig. 1 represented by a
great-circle segment on 5). The combination (A, u) in Fig. 1
faithfully and completely represents the aircraft's attitude and
may be viewed as an aircraft attitude symbol.

The set of all possible starboard wing directions at A may
be imagined as a disc (not shown in Fig. 1) consisting of all
tangent vectors to S at A of length /. In this way the attitude
space 50(3) looks like a spherical surface decorated every-
where with discs of uniform radius /.

The next step is to perform a stereographic projection of 5
from its zenith pole Z onto the tangent plane pn at the nadir
pole N. The stereographic projection is restricted to spheres
and planes, but otherwise it is an ordinary central projection.
It is a conformal mapping, i.e., angles between intersecting
smooth curves within S are preserved under projection.

Consider the projection of 5 from Z onto pn. All of S, except
the single point Z, is mapped onto pn. Again observe Fig. 1.
The stereographic projection maps points to points; specifically
it maps A on S to An in pn. But A was provided with a vector
u. The u is mapped onto a line segment un in pn (un is repre-
sented in Fig. 1 by a circular arc). Because of the conformal
property the position angle <f> of u in its disc at A will be pro-
jected unaltered into pn. One may say that stereographic pro-
jection maps the combination (A, n) to the combination (An, un).

Now observe An and un. The former represents a two-di-
mensional translation in pn from N to Art, the latter represents
a two-dimensional rotation in pn about An through the angle $
4- </>; this rotation is taken with respect to a reference position
of vectors in pn at An defined by ty + </> - 0. It reflects the
combined effects of turning from North to actual heading and
rolling from level to bank.

Therefore, the stereographic zenith-to-nadir projection estab-
lishes a singularity-free one-to-one mapping between the set of
all attitudes different from nose-up on the one hand and all two-
dimensional displacements in the plane pn on the other hand.
Finally, a two-dimensional displacement in pn is parametrized
by the N-S and E-W components of the translation and the
angle of the subsequent rotation. These three displacement par-
ameters constitute the nadir coordinates of the attitude.

By interchanging the roles of nadir and zenith in the pre-
vious reasoning, one obtains zenith coordinates, defined in the

Fig. 1 Stereographic projection for the nadir coordinate system
(attitude if/= 15 deg, 0 = 0 deg, <f> = 35 deg).

plane pz (not shown in Fig. 1) and valid for all attitudes dif-
ferent from nose-down.

Nadir Coordinates
Based on the geometrical picture of the previous section, the

nadir coordinates An, jnn, cr are defined in terms of the Euler
angles as follows:

Art =/„ cos fa //,„ =/„ sin i//, a = \fj +

where

fn = tan(0/2 + 77/4)

(8)

(9)

It is convenient to define rotated Cartesian coordinates in pn
as follows:

£n=fncos <£, r j n = f n s i n (10)

Remark that \2 + /z* = £ + r]2
n =f2

n.
Straightforward calculations yield the three-dimensional ro-

tation matrix (1) in terms of the nadir coordinates:

an = cos if/ cos 0

al2 = —sin i/f cos <t> + cos </f sin 0 sin </>

= (-1 + 2A*/Dn)sin a - (2\nfjin/Dn)cos <r
#13 = sin il/ sin </> + cos if/ sin 0 cos </>

= (-1 + 2A2/DJCOS <7 + (2AnMn/Drt)sin cr
a2i = sin </> cos 0

= 2fJLm/Dm

a22 = cos i/f cos <f> + sin i/f sin 0 sin <f>

= (1 - 2jjL2
n/Dn)cos a + (2\n^n/Dn)sm a

a23 = —cos \l* sin <£ + sin \l/ sin 0 cos </>

= (-1 + 2fjL2
n/Dn)sin <r + (2A^n/Drt)cos cr

a3l = —sin 0

= (l-/n
2)/Dn

<232 = cos 0 sin <t>

= 2(\n sin a - fjin cos o~)/Dn
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a33 = cos 0 cos </>

= 2(\n cos o- + //,„ sin o)/Dn

where Dn = 1 + fl = 1 + A* + pi
Differentiation of Eqs. (8) to t yields [using Eqs. (4), (3),

the identity 1 + fl = 2fn sec 6 and Eq. (6)]:

Differentiation of Eqs. (14) to t yields [using Eqs. (4), (3),
the identity 1 + fl = -2/z sec 0, and Eq. (7)]:

fn (11)

An = Dn(q cos o- - r sin cr)/2, /irt = Dn(q sin C7 + r cos o-)/2
(12)

d" = P + Wn + r£« = /> + ^(Aw sin a - ^n cos a)
+ r(Art cos a + jjin sin cr) (13)

where again, Dn = 1 + /J = 1 + \2
n + /^.

Zenith Coordinates
In analogy with the preceding subsection the zenith coor-

dinates Az, nz, 8 are defined in terms of the Euler angles as
follows:

A2 =fz cos i/f, fJLz = /2 sin i/r, 6 = i/f - </> (14)

where

/z = tan(-0/2 + 7T/4) (15)

The rotated Cartesian coordinates are

& = /z cos 4>, 17, = /z sin <£ (16)

Remark that Az
2 + pi = £z

2 + 17' =/z
2.

Straightforward calculations yield the three-dimensional ro-
tation matrix (1) in terms of the zenith coordinates:

an = cos fy cos 0

= 2AZ/DZ

#12 = —sin i/f cos $ + cos ^ sin 0 sin <f>

= (-1 + 2Az
2/Dz)sin 8 - (2Az/xz/Dz)cos 8

a13 = sin \\t sin </> + cos i/r sin 0 cos <£

= (1 - 2A2/Z)z)cos 6 - (2Azjw,z/Dz)sin 8

a2\ = sin \l/ cos 0

= 2/VA
<222 = cos </f cos (fr + sin </f sin 0 sin </>

= (1 - 2/xz/Z)z)cos 6 + (2Az/xz/Dz)sin 5

<223 = -cos i/f sin </> + sin i/f sin ^ cos </>

= (1 - 2/x2/Dz)sin 6 - (2Az/xz/Dz)cos 6

tz31 = —sin 6

= (~\+flVDz

a32 = cos 6 sin <£

= 2(-Az sin 8 + pz cos 8)/Dz

a33 = cos 6 cos <£

= 2(AZ cos 8 + jitz sin 8)/Dz

where Dz = 1 + /2 = 1 + A2 + ^z.

/z = -Dz6/2

Az = -Dz(^r cos 8 + r sin 6)/2

(LZ = -Dz(q sin 6 - r cos 5)/2

= —p + qr]z + rfz = — p +
+ r(Az cos 8 + /xz sin 6)

(—\z sin cos

(17)

(18)

(19)

where again, Dz = 1 + /2 = 1 + A2 + /i2.
The external forces and moments are in general functions

of, among other quantities, (/f, 9, and <£. But as long as the
external forces and moments do not happen to be singular for
vertical attitudes, one can be sure to obtain well-behaved ex-
pressions for the external forces and moments upon replace-
ment of </f, 6, (f) with Art, /in, a or Az, /AZ, 8.

Switching Among Attitude Coordinate Systems
From numerical analysis it is known that absolute errors in

functional relations are propagated with a factor equal to the
magnitude of the derivative.

With the help of the formulas d(tan 0)/d0 = sec20 and d(sec
0)/d0 = tan 0 sec 0, it is found that in Eqs. (3) and (5) one
suffers one decimal place of significance loss at 1 0| ** 12 deg
and two at 1 0| ** 84 deg.

Dependent upon the acceptable significance loss a threshold
value ® > 0 is selected and three flight regimes are established.
The normal regime, defined by — 0 ^ 0 ̂  @, is covered by
the traditional Euler angles system; the nose-up regime, de-
fined by 0 ̂  0, is covered by the zenith coordinate system;
the nose-down regime, defined by 0 ̂  —0, is covered by the
nadir coordinate system.

Switching among the three systems occurs once in a while,
and the computing time involved is expected to fit into avail-
able time slices of simulation runs; in a simulation program
running on personal computers no glitches were observed
when switching.

In theory, it suffices to employ only the zenith and nadir
coordinate systems and to establish only two flight regimes,
namely a nose-up regime for the entire upper hemisphere and
extending way down to the nadir (—0 ^ 0 ^ 777), and a
nose-down regime for the entire lower hemisphere and ex-
tending way up to the zenith (— -JTT ̂  0 ̂  0). They overlap
along the zone — 0 ^ 0 ̂  0, the previously mentioned nor-
mal regime.

In this setup, one switches to zenith (nadir) coordinates when
an increasing (decreasing) pitch angle 0 passes the 0(— 0)
boundary, if not already in zenith (nadir) mode. When flying in
the normal regime one is in the zenith or nadir mode, depending
upon motion history. However, when doing so one has to deal
with a nonuniform integration error behavior in time, which is
moreover not symmetrical with respect to level flight. Therefore
the setup with three flight regimes is preferred.
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